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I. INTRODUCTION
A line of touching balls suspended from a rail by pairs of inelastic strings is often called Newton's cradle ͑see Fig. 1͒ . In introductory physics textbooks, [1] [2] [3] [4] [5] [6] it is generally introduced as an illustration of the conservation of momentum and energy. When one ball is displaced from the other four and released, it is claimed that the collisions will result in the ball at the opposite end of the line being ejected, with all other balls remaining stationary. As the ejected ball swings back, it will collide with the line of balls. According to the common description, only the ball that was released initially will be ejected, while all other balls remain stationary.
However, the actual experiment reveals a slightly different scenario. Careful observation shows that the first collision will break up the line of balls with the effect that all balls move. After further collisions all balls will eventually swing in phase, with an ever decreasing amplitude. The observed breakup of a line of balls after the impact of one ball was analyzed recently by Hinch and Saint-Jean. 7 We extend their work to consider the multiple collisions that follow thereafter. We believe that a closer examination of Newton's cradle can enhance and extend the pedagogical value of the original demonstration. [8] [9] [10] Newton's cradle has a long history. In 1662, papers on its underlying physics were presented to the Royal Society by no less than three eminent researchers, 5 John Wallis ͑known for his presentation of as an infinite product͒, Christopher Wren ͑mathematician, astronomer and architect of St. Paul's Cathedral in London͒, and Christiaan Huygens ͑author of a book on the wave theory of light and contributions to probability theory͒. Huygens pointed out that an explanation required both conservation of momentum and kinetic energy. ͑He did not use the expression kinetic energy but referred to a quantity proportional to mass and velocity squared.͒ However, two equations are not sufficient to describe the behavior of Newton's cradle as was pointed out in Ref. 8 . A characterization of Newton's cradle consisting of N balls requires N velocities, but the conservation laws only give two equations. Herrmann and Schmälzle 8 analyzed Newton's cradle in terms of elastic forces between the contacting balls. They argued that a necessary condition for consistency with the simplified textbook description is that there be no dispersion in the relation between frequency and wave number for the vibrational motion of the chain of contacting balls. Their conclusion was based on their experiments with gliders on an air track, where each glider was equipped with a spring bumper. These experiments effectively model the first set of collisions in Newton's cradle. When all gliders are in contact, the gliders may be represented as a linear chain, allowing for the calculation of eigenfrequencies and corresponding wave numbers. Only when the masses of the gliders and the spring constants were chosen to achieve a dispersion-free linear relation, did the gliders behave as in the textbook description. 8, 10 In a follow-up paper, Herrmann and Seitz 9 re-examined the actual cradle experiment and found in both the experiments and simulations that the first impact of a ball leads to a break-up of the line, contrary to the textbook description. In their simulations, they modeled the interaction between balls as points of mass m that are connected by ͑Hertzian͒ springs. The force between two such masses is given by
where y n is the displacement of ball n from its equilibrium position, k is a spring constant, and the exponent ␣ϭ3/2. The comparison of the propagation time of a perturbation through a line of balls obtained from both experiments and simulations using a range of different values of ␣ showed that the assumption of Hertzian springs in Eq. ͑1͒ is valid.
From their simulations of a five-ball cradle, Herrmann and Seitz found that after the first collision, balls 1, 2, and 3 move backward, while balls 4 and 5 move forward with ball 4 carrying about 12% of the initial momentum of the incident ball. ͓We have labeled the balls in the direction from the incoming ball ͑ball 1͒ to the ball at the opposite end of the line ͑ball 5͒.͔ The momentum of ball 5 after the collision is nearly as large as that of ball 1 before the collision. Without performing further simulations Herrmann and Seitz 9 concluded that when ejected ball 5 swings back, it would impact not on a compact line of balls ͑because the line has been broken up by the first impact͒, but rather there should be a sequence of independent collisions. However, in general, there can be multiple collisions involving more than two balls in contact during the collision as we will see in Sec. II. This issue will be examined further in relation to our experimental results discussed in Sec. VI.
Hinch and Saint-Jean 7 conducted an exhaustive numerical and theoretical study of the fragmentation of a line of N balls by an impact. They find that some balls at the far end detach from the line and fly off, some in the middle hardly move, and the impacting ball rebounds backward bringing with it some of its nearby balls. They reproduced the numerical results of Ref. 9 for the first impact, and also set their results into a wider context. For a linear contact force law (␣ ϭ1), the number of balls that are detached from the line is
while the majority of balls rebound. For the Hertzian force law (␣ϭ3/2) only a few balls rebound together with the impacting ball, with a velocity greater than 1% of the impact velocity. For example, for a line of Nϭ5 balls, two balls will leave in the forward direction, for Nϭ15 this number increases to three. However, no power law analogous to Eq. ͑2͒ was established.
Despite the above studies and recent work in engineering literature, 11 there still is a need for further work on the nature of Newton's cradle for the following reasons. Because gravity was not included, the discussion was limited to the first impact. What happens in subsequent collisions? If we assume a dissipation-free system, will the motion settle down to a regular behavior or will it be chaotic? In what way will dissipation affect the motion? We will discuss these questions by presenting the results of theory, experiments, and simulations where gravity has explicitly been included, together with dissipative effects due to collisions and friction. Our work by no means exhausts the possible corrections that might be added to the model, but it seems sufficient for the available data.
II. MODELING NEWTON'S CRADLE
We define the overlap m,n between two balls m and n as
where R is the radius of the balls and r mn is the distance between their centers ͑see Fig. 2͒ . The notation () ϩ specifies that the value of the bracket is zero if the expression inside is negative, as required for the representation of contact forces that cannot be in tension. If we model the contact forces as described in Sec. I, the force on ball n may be written as
where x n denotes the position of ball n. The introduction of gravity requires some discussion. Although Eq. ͑4͒ holds for a one-dimensional line of balls where the impact is in the same direction as the line, Newton's cradle is two dimensional. The balls are attached to a frame by an inelastic string of length L and can swing about their respective equilibrium positions (x o,n ,L) along arcs of circles. This motion causes the collisions to become off centered if the balls are a finite distance away from their equilibrium positions. Our model neglects this effect. It is restricted to small angles or amplitudes ͉x n Ϫx o,n ͉ӶL, in order to maintain a one-dimensional description of the cradle.
In the same approximation, gravity can be modeled as a simple restoring force, that is, a harmonic spring which acts to move each ball back to its equilibrium positions x o,n . The gravitational spring constant is given by k g ϭmg/L.
The equations of motion for the dissipation-free Newton's cradle are thus:
where n ranges from 1 to N. We solved Eq. ͑5͒ for Nϭ5 using the second-order velocity Verlet algorithm 12 and the initial conditions for x n (tϭ0): x 1 (0)ϭA, x n (0)ϭx o,n for 2рnр5, and ẋ n (0)ϭ0 for all n, corresponding to one ball being released with an amplitude A on to a stationary line of balls ͑see Fig. 1͒ .
Modeling contacting spheres requires ␣ϭ3/2 ͑Hertz law͒. 13 The spring constant k may be written in terms of material constants as
where E is Young's modulus, is Poisson's ratio, and R is the radius of the balls. 7 It is common to introduce dimensionless variables before solving the equations of motion numerically. However, in our problem there are two time and length scales. Although the swinging balls may best be described in terms of their period T 0 ϭ2ͱL/g and string length L, individual collisions occur on a much shorter time scale t 0 ϭ(m 2 /k 2 v)
. Here, v is the velocity of the impacting ball, given by vϭAͱg/L.
Because Eq. ͑5͒ describes a conservative system, the appropriate time step ⌬t for the numerical integration may be found by checking for energy conservation. Our chosen time step of approximately 2.5ϫ10
Ϫ3 t 0 lead to a relative error in the energy of not more than 0.005% over a time of over 10 000T 0 .
An initial test of our code was undertaken by setting k g ϭ0 to model the impact on a line of balls in the absence of gravity. This simulation reproduced the results of Ref. 7 for the final velocities of all balls after the impact.
III. RESULTS
For k g Ͼ0, we found that the first collision breaks up the line of balls. As the balls move back toward their respective equilibrium positions, however, they do not return to their individual stationary starting positions. This difference leads to a different scenario for the second set of collisions. As time evolves, an oscillatory motion becomes established, as we will demonstrate in Sec. IV for the case of Nϭ2. Figure 3 shows the displacements of the balls for Nϭ5 where ball 1 has been released from an amplitude A ϭ0.27L onto a line of four balls. The collision ͑at time /2ͱL/g) results in the break-up of the line with balls 4 and 5 moving forward and balls 1, 2, and 3 rebounding. Ball 5 reaches its maximum displacement at time ͱL/g. As it swings back, it will no longer hit a stationary line at time 3/2ͱL/g. The second set of collisions, shown in Fig. 4͑b͒ is thus not antisymmetric to the first set ͓see Fig. 4͑a͔͒. Figure 4͑c͒ displays the third set of collisions, which is clearly different from the first set.
Due to the fragmentation of the line of balls at the initial collision, there are no obvious symmetry considerations that can explain the configurations in the latter collisions. The question arises as to whether the system of five balls will develop any periodicity in its long-term behavior or will be chaotic. Our data for a time of more than 10 000T 0 is best displayed by showing phase portraits at various times ͑see Fig. 5͒ . Generally, there is one ball colliding with a line of four slightly separated balls. However, the amplitudes of the first ball and the line of balls display very low-frequency oscillations between two modes of motion. In mode I, the cluster of four balls moves much slower than the single ball, while in mode II all balls move with a similar speed.
This behavior is particularly pronounced for Nϭ2, but also is well pronounced for Nϭ4 and Nϭ5 as shown in Fig.  5 .
IV. THEORY OF A TWO-BALL CRADLE
We now present an analytical treatment of the relatively simple two-ball cradle, which leads to the identification of the behavior with the phenomenon of beats. We will show that the softness of the balls leads to an oscillation of the collision points. This variation of the phase portrait in time is also seen in our simulations of the three-and four-ball cradles.
Even if the balls are not infinitely hard, the standard textbook description is still valid in the sense that the impacting ball comes to a complete standstill while the impacted ball moves off with the same velocity as the impacting ball. However, what is generally ignored is the fact that the impact does not take place instantaneously. During this finite interaction time, both balls have a nonzero velocity and their point of contact will move a certain distance along the direction of the impact. ͑For a discussion of the related case of a bullet shot into a hanging block, see Ref. 14.͒ The impacted ball will move away from its equilibrium position by a distance ⌬x and will consequently swing back after the collision. From our simulations, we find that ⌬x scales as ⌬x ϰm . ͑a͒ The long-time behavior of the dissipation-free Nϭ5 cradle is characterized by a slow oscillation between two modes of motion. Both modes involve the collision of one ball against a group of four. In mode II all balls move with a similar speed, in mode I the cluster moves much slower than the single ball. ͑b͒ Simulation results in the form of phase portraits. ͑c͒ A sketch of the evolution of these portraits.
The subsequent behavior, sketched in Sec. III, can be analyzed as follows. If we denote the positions of each ball relative to their respective equilibrium position by x 1 and x 2 , the center of mass X c is given by
while the relative position X r is X r ϭx 1 Ϫx 2 . ͑8͒
For simplicity, we shall assume a harmonic force law ͑with spring constant K r ), where the subscript r signifies that the interaction is due to the relative positions of the balls. The validity of the argument will however not be restricted to this force law. The cradle will be seen to be equivalent to a pair of coupled oscillators that are coupled only when the two balls are in contact (X r Ͼ0).
Each ball is subject to gravitation, modeled as a spring with spring constant K c ϭmg/L, as in Sec. II. ͑Previously, this constant was called k g , but we shall use K c in the following discussion to remind us that the spring acts on the center of gravity of the two balls.͒ The potential energy of each ball is given by 1 2 K c X c 2 . The potential energy of contact is given by 1 2 K r X r 2 for X r Ͼ0 and is zero for X r р0. The natural frequencies associated with the two spring constants for mass m are given by ⍀ 2 ϭK c /m and 2 ϭK r /m. We consider the case where ball 1 is released from x 1 ϭϪA and x 2 ϭ0. Then initially we have
The center of mass motion is that of a mass 2m acted on by external forces (FϭϪK c x c ) only. Hence, the motion is simple harmonic with frequency ⍀:
The dependence of the relative position X r on the time as obtained from our simulation is shown in Fig. 6 . The cradle features two time scales, the collision time, 0 and the time between collisions, ⌫ 0 ӷ 0 , given by
corresponding to free motion under the action of K c with X r р0. We make the approximation that during a collision (X r Ͼ0), where the repulsive force due to K r dominates, we neglect K c . Then, the motion is another ͑short͒ half-cycle under K r , as is seen in Fig. 6 . We find for the interaction time 0 2 0 ϭ 2
Note that & is the frequency of a single ball with a doubled spring constant.
To represent the resulting motion of the balls, it is helpful to switch identities after every collision, so that ball 1↔ball 2 and thus X r ↔ϪX r . We may then approximate X r by
If we combine Eq. ͑13͒ with Eq. ͑10͒ for X c , we find ''beats'' for the motion of one ball ͑with the above role reversal implied͒. For 0 Ӷ⌫ 0 , we obtain
where x denotes that the identity switches between x 1 and x 2 after each collision. Thus, we have high-frequency oscillations with a frequency ⍀ which are modulated by the lowfrequency 0 /2⌫ 0 2 ϭ⍀ 2 /2&. We also can calculate the positions of the collisions. When they occur, we have X r ϭ0, and the position of the collision is X c . From Eq. ͑13͒, we obtain
where t i is the time of the ith collision. Hence, the corresponding position is given by
where we have used the definition of X c in Eq. ͑10͒ and the approximation ⌫ӷ 0 . Figure 7 shows the excellent agreement between the analytical expression in Eq. ͑16͒ and our simulation. The oscillation of the collision points for Nϭ2 is caused by the finite elastic response of the balls. Plotting phase portraits at different times, as shown in Fig. 8 , reveals the same characteristics we had obtained for the Nϭ5. 
V. THE EFFECTS OF DISSIPATION
Although the study of a dissipation-free version of Newton's cradle is interesting in its own right, any realistic simulation of the experiment needs to include dissipation. Two obvious such mechanisms are the velocity-dependent viscous drag of air and the viscoelastic dissipation associated with the collisions of the balls. We chose a simple linear dependence on the velocity F fr ϭv ͑Stokes law͒.
The inelastic character of the collisions is modeled by including a viscoelastic dissipation force of the form
into the equation of motion. Here, is the overlap between two balls as defined in Eq. ͑3͒ and ␤ϭ3/2 ͑Hertz-Kuwabara-Kono model͒. 16 The equation of motion for the dissipative Newton's cradle is then given by
͑18͒
The Stokes term continually removes energy from the system, while viscoelastic dissipation occurs only during collisions. Due to the velocity-dependent forces in the system, we utilize the Euler-Richardson method to solve the new equation of motion ͓Eq. ͑18͔͒. 12 We use the same time step as for our dissipation free simulations. The value of the time step was tested using the Euler-Richardson method for the dissipation-free case and found to give excellent energy conservation.
To demonstrate the effect of the viscoelastic dissipation on the behavior of the system, simulations were run where the Stokes term was neglected (ϭ0). In Fig. 9 , we plot the distance between the two balls as a function of time. This simulation demonstrates that the final collective motion of the balls that is reached experimentally is caused by the energy dissipation due to the collisions. The final amplitude of swing can be predicted in the following way.
Consider an N-ball cradle with initially only one ball moving with velocity v 0 . The total initial kinetic energy S 0 ϭ 1 2 mv 0 2 may be written as the sum of the kinetic energy due to the motion of the center of mass S c plus the kinetic energy relative to the center of mass, S r , S 0 ϭS c ϩS r , ͑19͒
Because all velocities are zero apart from v 1 ϭv 0 , S c reduces to S c ϭS 0 /N . From Eq. ͑19͒, we immediately obtain
Because all this relative kinetic energy will be dissipated in subsequent collisions, the final energy of the system is given by
The final energy of each ball, neglecting the Stokes term, is simply given by E initial /N 2 . Note that this value is independent of the coefficient of dissipation, which specifies only the time it takes for the relative kinetic energy to be fully dissipated and, thus, the time it takes for all balls to swing in phase. Fig. 7 . Two phase portraits that characterize the motion of the Nϭ2 cradle. The system slowly oscillates between the case where both balls move with the same speed, and the case where one ball collides with a stationary ball. The axes are made dimensionless by dividing the velocity of each ball by the maximum velocity of the incoming ball and the position by the initial amplitude. Fig. 8 . For Nϭ2, successive collisions take place in turn on the left ͑circles͒ and on the right ͑triangles͒ of the center of the system. The numerically determined points are well described by theory ͑continuous line͒, Eq. ͑16͒. For a finite value of , the Stokes damping constantly removes energy from the system, causing the amplitude of all the balls to eventually diminish to zero. In Fig. 10 , we show the variation of the total energy with time for a fiveball cradle where both Stokes damping and viscoelastic dissipation are included in the simulation. Here, we see that the energy decays quickly to approximately one-fifth of the initial energy, where the collective motion state is reached. It then continues to decay due to the Stokes damping.
VI. EXPERIMENTS
To examine the validity of our simulations, we have carried out experiments using a specially constructed large Newton's cradle consisting of four metal balls ͑diameter 6.8 cm, mass 0.7 kg͒ suspended from 1.3 m long wires. ͑The balls we used were commercial sand-filled metal boules.͒ Specially constructed large protractors were used for accurate measurements of the angle of swing to an accuracy of Ϯ0.25°.
Our first set of experiments investigated our prediction for the amplitude of the collective motion of the balls described in Sec. V. A single ball was released from an angle 0 onto a line of N balls. Once the state of collective motion was reached, we determined its amplitude c . The time required for the system of balls to settle into the collective mode is between 1 and 2 min. This time compares with the time of about 1 h for the system to come to rest. Figure 11 shows measurements of c as a function of 0 for Nϭ2, 3, and 4. The data are well described by c ϭ 0 /N, consistent with Eq. ͑21͒, and our conclusion that the collisions will only remove energy of the relative motion of the balls.
Our second set of experiments focused on energy dissipation due to the collisions of the balls. Again, a single ball was released from an angle 0 and collided with a line of 2, 3, or 4 balls. We determined its amplitude after every collision Fig. 11 . Experimental data for Newton's cradle with Nϭ2, 3, and 4 balls. A single ball is released from an angle 0 . After many collisions, the balls settle into a collective mode of motion where all move together with amplitude c . The data is well described by c ϭ 0 /N ͑solid line͒. We take the error in the final angle of swing to be the accuracy of the protractors used, Ϯ0.25°. To determine a value for the damping constant , the timedependence of the amplitude was determined for a single ball and fitted to max (t)ϭ 0 exp(Ϫt/2m) to give ϭ6.8
Ϯ0.136ϫ10
Ϫ4 kg s Ϫ1 . The constant k was calculated from Eq. ͑6͒ with Eϭ2ϫ10 11 Pa and ϭ0.33 for steel and was found to be kϭ1.38ϫ10 10 kg m Ϫ1/2 s Ϫ2 . The viscoelastic dissipation parameter ␥ was then estimated by adjusting it in the simulation to match the dissipation seen in the two-ball experiment. The value was found to be ␥ϭ1.47ϫ10
2 kg s Ϫ1 m Ϫ2 . This value was then used in the three-and four-ball simulations shown in Figs. 13 and 14.
We find from our simulations that the exact separation of the balls when a collision occurs has a very important influence on the behavior of the system. If balls 2-5 are initially in their exact equilibrium positions when they touch, the subsequent collisions will essentially be multiball collisions. In such collisions, the energy dissipated is less than in a series of two-ball collisions. However, any experimental setup has imperfections that will cause the system to deviate from this idealization, for example, small differences in the oscillation periods of the individual balls or the balls not hanging exactly at their equilibrium position.
To incorporate these imperfections into the simulation, we varied the value of k g for each of the balls so that the periods of the balls vary slightly, and thus all collisions after the initial one are no longer multiball collisions. In Figs. 12-14 , the periods of the balls vary by ⌬Tϭ0.01 s or 1/240th of a period. ͑This variation has no noticeable effect in the two ball case because all collisions are two-ball collisions.͒ When this effect is incorporated, we find good agreement between the simulations and the experimental data.
We have tested the effect of a range of differences in the periods of the balls. We found that there is little variation in the amplitudes obtained until we choose either very small values of ⌬T that approach the idealized case, or large values of ⌬T that no longer represent an accurate description of the experiment. We tested removing the multiball collisions by introducing very small gaps, ⌬x, between the balls in the simulation. For small values of ⌬xϷ0.1 mm, the amplitudes obtained in the simulations are almost identical to those obtained from the simulations that incorporate small variations in the period of the balls.
We also have considered the case where there is an appreciable gap between the balls. Figure 15 highlights the importance of a careful experimental setup, where instead of touching, there is a ⌬xϭ1 mm gap between the balls when they are in their rest positions. Here, we see a ''beating'' effect where the amplitude of ball 1 does not simply decay, but oscillates. This behavior is well replicated by our simulation.
VII. CONCLUSION
We have shown that the physics involved in Newton's cradle is far from trivial and that the standard textbook explanation is only a first approximation. In the context of physics education, our study of Newton's cradle might fulfill two purposes. Students should see that apparently simple experiments, when closely examined, can raise a number of complicated questions. One also should be cautious about fully accepting well-established explanations of physical phenomena without carefully scrutinizing the arguments. 
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